The thermal evolution of neutron stars is coupled to their spin down and the resulting changes in structure and chemical composition. This coupling correlates stellar surface temperatures with rotational state as well as time. We report an extensive investigation of the coupling between spin down and cooling for hybrid stars which undergo a phase transition to deconfined quark matter at the high densities present in stars at low rotation frequencies. The thermal balance of neutron stars is reanalyzed to incorporate phase transitions and the related latent heat self-consistently, and numerical calculations are undertaken to simultaneously evolve the stellar structure and temperature distribution. We find that the changes in stellar structure and chemical composition with the introduction of a pure quark matter phase in the core delay the cooling and produce a period of increasing surface temperature for strongly superfluid stars of strong and intermediate magnetic field strength. The latent heat of deconfinement is found to reinforce this signature but is itself relatively less significant.
Introduction
The chemical composition of neutron stars at densities beyond nuclear saturation remains uncertain with alternatives ranging from purely nucleonic compositions through hyperon or meson condensates to deconfined quark matter -see e.g. Weber (2005) and Page & Reddy (2006) for recent reviews with emphasis on quark matter. A future understanding of neutron star structure gained through confrontation of theoretical models with the now steadily growing body of observational facts will therefore simultaneously constrain fundamental elements of particle and nuclear physics (Lattimer & Prakash 2007) . The interlinked processes of spin down and thermal cooling present intriguing prospects of gaining insight in the properties of matter in neutron star cores by confrontation with soft X-ray observations of thermal radiation from neutron star surfaces as they both depend sensitively on and to some extent determine the chemical composition.
As neutron stars spin down and contract, their structure and composition change with the increasing density -drastically if phase boundaries are crossed so new forms of matter become possible -and we shall here investigate how this influences the thermal evolution of hybrid stars which contain large amounts of deconfined quark matter. The increasing density and changing chemical composition further imply additional entropy production in bulk and the release of latent heat as particles cross any phase boundaries present, and we therefore reanalyse the thermal equilibrium of compact stars to show how mixed phases may be incorporated. We thus arrive at a natural description of the latent heat of phase transitions in compact stars, but also find -through direct numerical calculations -that the effects of latent heat on the thermal evolution are insignificant, when compared to those of the changing chemical composition and the surface area reduction, unless the stellar structure changes very rapidly.
Neutron stars are extremely compact objects and densities in their cores reach well in excess of the nuclear saturation density. At such densities the distance between particles is on the order of the characteristic range of the nuclear forces and so as stressed recently by Baym (2006) perturbative treatments in terms of few-or even many-body forces -although highly succesful in describing the properties of matter below nuclear saturation -are no longer well defined in the core of neutron stars. Further the relevant degrees of freedom should include the appearance of hyperons and possibly deconfined quarks, and so treatments in terms of nucleons alone must also be seen as approximative. Hyperons -in particular Σ − and Λ's -are expected to appear at densities around 2 − 3ρ 0 , where ρ 0 = 0.16 fm −3 is the baryon density at nuclear saturation, and by opening additional Fermi wells in which to distribute the baryons they lower the particle energies and cause a significant softening of the equation of state. Thus Baldo et al. (2003) and recently Schulze et al. (2006) find that while purely nuclonic equations of state including three body forces allow neutron stars with maximum masses around 2.3 M ⊙ , the appearance of hyperons so softens the equation of state that purely hadronic equations of state do not allow stable models compatible with the accurately measured masses of neutron stars in binary systems. Such arguments do not strictly rule out a hadronic composition for the core of neutron stars because the role of strong interactions -hyperonic three body forces in particular -is not yet sufficiently constrained, but compensating mechanisms may exist to render these ineffective in raising the maximum mass of hyperon stars. A stiffer nucleonic equation of state thus allows hyperons to appear at lower densities and conversely a delay in the appearance of any hyperon species will encourage the appearance of other species with both possibilities leading back to a soft equation of state and inhibiting growth of the maximum mass (Schulze et al. 2006) . At best these studies are hence strong arguments against purely hadronic compositions and they certainly do show the relevance of considering alternatives such as a transition at high densities to deconfined quark matter.
Quark matter represents an entirely new type of matter -as opposed to just an additional degree of freedom as in the case of hyperons in the hadronic phase -and so cannot automatically be assumed to soften the equation of state to the same extent (Schaffner-Bielich 2007) . Indeed it was recently pointed out by that modern quark matter equations of state which include the effects of strong interactions among the quarks can be as stiff as nucleonic equations of state and are thus compatible with the high masses and radii indicated by recent observations (as e.g. the 2.1 ± 0.28 M ⊙ found by Ozel (2006) for EXO 0748-676, but note also the 2.74 ± 0.21 M ⊙ and the 1.94 +0.17 −0.19 M ⊙ recently inferred by Freire et al. (2007) and Freire (2007) for the binary millisecond pulsars PSR J1748-2021B and PSR B1516+02B, which if confirmed would severely challenge all proposed equations of state). Klähn et al. (2007) further argue that a quark matter phase transition allows the equation of state both to comply with the known properties of compact stars and to fulfill the constraints imposed by heavy-ion collision transverse flow data and K + production, which nucleonic equations of state do not (see also Klähn et al. (2006) for a comprehensive comparison of such constraints with nucleonic equations of state).
A different argument in favor of hybrid stars was offered recently by Drago et al. (2007) who found, that only stars with a quark matter component can rotate stably without loosing angular momentum by emission of gravitational waves through the r-mode instabillity at the 1122 Hz indicated by recent observations for the X-ray transient XTE J1739-285 (Kaaret et al. 2007 ) and at the temperatures expected for neutron stars in accreting binaries. This conclusion is tentative as the observed neutron star spin frequency awaits confirmation, but it again shows how the composition of neutron stars is an open question to be determined by a confrontation of theory and observation and that a deconfined quark matter phase remains a viable alternative.
For definiteness we shall work with the equation of state suggested by Glendenning (1992) (hereafter the G 300 180 equation of state). While this equation of state is not sophisticated in its treatment of the quark matter phase, it is illustrative in that it allows a very large pure quark matter core with a transition through a mixed phase at relatively low densities around 2-5ρ 0 . For our purposes it is interesting in that it implies drastic changes in composition with spin down -the pure quark matter core disappears at high spin frequencies for instance -and it therefore represents something close to a limiting case. We shall then be able to investigate both the effects of steady conversion of hadronic matter to quark matter and the sudden appearance of a pure quark matter core in the hadronic phase. The G 300 180 equation of state further allows models which at certain masses and rotation frequencies exhibit the phenomenon of backbending (Glendenning et al. 1997 ); a spin up of the star around the frequencies where the pure quark matter phase first appears in the core in order to conserve angular momentum not otherwise carried off. This is not essential to our work, but it is interesting to explore whether models with this property behave similarly to those without.
With respect to the effects of the changing composition these will of course depend strongly on specific assumptions about thermal properties of the relevant phases -in particular neutrino emissivites and superfluid paring gaps. Neutron stars in general cool very rapidly at high temperatures by neutrino emission and at a somewhat slower pace at lower temperatures by the less temperature dependent emission of thermal photons from the surface. In the so-called minimal scenario, which excludes exotic and very rapid neutrino processes (Page et al. 2004) , the internal temperature of neutron stars thus drops from beyond 10 10 K to around 10 9 K within a few minutes after their birth, and neutrino cooling continues to dominate for at least the next few thousand years until the internal temperature has dropped below 10 8 K and photon cooling takes over (see e.g. Page et al. (2004) ; for reviews). If the highly efficient direct Urca neutrino emission (i.e. essentially beta decays, n → p+e − +ν e and related processes in quark matter) is active, the stars may cool very rapidly and reach very low temperatures on a timescale of a few hundred years. As we shall see the nuclear direct Urca process is active in the mixed phase of hybrid stars, and may thus control the thermal evolution. These processes may be suppressed by pairing of the participating particles however and further the extent of the mixed phase depends strongly on the rotation frequency thus giving rise to a diverse range of possible cooling paths.
The latent heat of the phase transition and the related release of entropy in bulk with changing density are found to be of less importance than the changing chemical composition and does not significantly delay or enhance the cooling, although it does briefly balance or even dominate the cooling terms when the pure quark matter core is first formed for certain choices of stellar parametes. The latent heat of the quark matter phase transition was previously considered by Kang & Zheng (2007) and Miao et al. (2007) . These authors took a different approach to calculate the latent heat than what is discussed below and found very significant heating terms which we do not recover.
The work of Reisenegger (1995) and lately Fernández & Reisenegger (2005) considered the related process of rotochemical heating for neu-tron stars in which weak reactions are driven out of equilibrium by the changing density and the resulting release of energy is found able to maintain old stars at relatively high temperatures determined by their rate of spin down. This term naturally appears in our equations for the thermal balance and should be included in a full model. It is to some extent complementary to the effects discussed here, but the treatment of weak reactions beyond equilibrium is beyond our scope in this work, and we shall assume chemical equilibrium throughout. We return to discuss this issue in Sect. 6 however.
In general the link between the thermal evolution of neutron stars and their spin down has become a subject of some interest as an observational correlation between the temperatures and inferred magnetic fields of neutron stars was recently discovered by Pons et al. (2007) . This was interpreted as evidence for magnetic field decay, but an alternative interpretation was recently offered by Niebergal et al. (2007) in terms of magnetic flux expulsion from color-flavor locked quark stars (a hypothetical class of stars consisting entirely of quark matter then assumed to be absolutely stable). Similarly the previously mentioned work of Drago et al. (2007) indicates a link between the spin down and cooling of hybrid stars. These correlations -if they can indeed be shown to existcomplement the traditional cooling calculations, which relate only temperature and age, and they may help break the degeneracy seen between such calculations with different underlying assumptions about the state of matter at very high density.
In the following we shall first recount the fundamental properties of phase transitions in neutron stars and in particular the quark-hadron transition in Sect. 2. We then revisit the equations of thermal balance for compact stars in Sect. 3 to show the effects of a time dependent density and discuss how the presence of phase transitions may be included. In Sect. 4 we discuss the G 300 180 equation of state, the resulting stellar models and some simple estimates for the additional terms in the thermal balance equations in more detail, and in Sect. 5 we show the results of including these terms in spherical isothermal cooling calculations. We conclude with a discussion in Sect. 6. Sect. 2 below follows standard notation and may be skipped by readers familiar with the literature on phase transitions in hybrid stars.
Nature of the quark-hadron phase transition
Neutron stars may contain a number of phase transitions such as transitions to superfluid phases, the nuclear liquid-gas transition and the condensation of pions, kaons or hyperons, but we shall focus mainly on the quark-hadron phase transition, and as a useful background to the general discussion of the thermodynamical effects of phase transitions in neutron stars in the next section we shall first recount some properties of this particular phase transition following the discussions in Glendenning (1992 Glendenning ( , 2000 ; Glendenning & Weber (2001) .
It is important to realise that although neutron stars contain two conserved charges -baryon number and electric charge -they are conserved only globally rather than locally, and that for this reason phase transitions may involve mixed phases at certain pressure intervals with varying filling fractions of the two phases and different concentrations of the conserved charges in each phase.
If charge neutrality was considered a local property of matter in neutron stars, this, along with the condition of beta equilibrium, would reduce the system to a simple substance with only one independent chemical potential in which the usual Maxwell construction for phase transitions would apply. Gibbs conditions for chemical, thermal and mechanical equilibrium between the two phases imply equality between their baryon chemical potential, temperature and pressure at the phase boundary
with subscripts H and Q referring to the confined hadronic phase and deconfined quark phase respectively. The densities of the two phases are not required to be equal across the phase transition, and since they are both functions only of the common chemical potential which has the unique value µ tr , for which Eq. (3) is fulfilled, they will then each remain constant until the conversion of one phase to the other is complete -as will all other properties of each phase. The total baryon number and energy densities are volume weighed averages
where χ v = V Q /V is the filling fraction of quark matter by volume, and a mixed phase may exist in the density interval between ρ H (µ tr ) and ρ Q (µ tr ) as χ v varies from 0 to 1. The common pressure is constant throughout this density interval however, and since hydrostatic equilibrium requires a negative pressure gradient everywhere in the star, the mixed phase is excluded in neutron stars if charge neutrality must be fulfilled locally. There is then a discontinous density jump from ρ H (µ tr ) to ρ Q (µ tr ) and -in order to preserve local charge neutralitya corresponding discontinuity in electron density. This approach therefore leads to an inconsistency with continuity of the electron chemical potential, which can only be resolved by relaxing the condition of local charge neutrality. Charge neutrality is however not required locally so long as it is observed globally, and abandoning it opens an additional degree of freedom which the system will employ to lower its total energy by charge separation if this is favorable. This may be incorporated in the phase equilibrium by introducing a chemical potential for electric charge, µ q , which, like that for baryon number, µ b , must be continuous across the phase boundary. The condition of mechanical equilibrium remains the equality of pressure between the phases, but since the pressure now depends on two independent chemical potentials as well as the common temperature
this condition does not have a unique solution.
The pressure may then vary throughout the mixed phase which is therefore not excluded from the star. To solve Eq. (6) charge neutrality must now be applied macroscopically by averaging the charge densities, q H,Q , over regions of matter sufficiently large that they include bulk quantities of both phases
Eqs. (6) and (7) can be solved for the chemical potentials, µ b,q (χ v ), in the mixed phase, and these in turn yield the particle and energy densities. The entropy density can then also be constructed which shall prove important in the following sections.
Although the quark-hadron phase transition is here assumed to be a first order transition microscopically with different baryon, energy, charge and entropy densities for each phase, it resembles a second order transition macroscopically with continuous volume averaged densities. Specifically regions containing the hadronic phase lower their isospin symmetry energy and become charge positive by including more protons and paying only a small price in rearranging the quark Fermi surfaces to achieve overall neutrality. This further introduces a Coulomb repulsion in regions of like charge preventing them from growing too large and arranging them on a Coulomb lattice. Any surface tension between the two phases will prevent the appearence of very small regions of the rare phase, but it is important to realise that as with the temperature, the Coulomb and surface contributions to the total energy density are generally too small to significantly influence bulk properties such as the fraction of quark matter, χ v , the pressure or densities and these aspects may therefore be treated separately. The balance between surface tension and Coulomb repulsion determines the geometry of the mixed phase however, and it is not entirely obvious that their contributions to the thermal equilibrium considered in the next section can be neglected, so we mention a few key properties of the crystalline structure here but refer otherwise to e.g. (Heiselberg et al. 1993; Glendenning 2000; Glendenning & Weber 2001) for details.
Schematically the Coulomb and surface energy densities of a Wiegner-Seitz cell containing a rare phase region of radius r can be written
The equilibrium size of rare phase regions balancing the two forces occurs at the minimum of the sum of Coulomb and surface energies so extremizing this we always have
The functions C(χ v ) and F (χ v ) take different forms depending on the geometry of regions containing the rare phase, and one must therefore also minimize the sum (E C + E S )/V with respect to geometry under the size restriction of Eq. (9). Restricting the possible geometries to drops, rods and slabs it then turns out that for the quarkhadron phase transition quark matter first appears as drops in the hadronic phase which then merge to form rods and finally slabs as the density increases. At still higher densities hadrons are the rare phase and the process reverses itself with hadronic matter forming slabs, rods, drops and finally disappearing to give way to a pure quark matter phase at very high densities. Intermediate forms may occur however and furthermore the whole sequence depends strongly on the strength of the surface tension and any charge screening between regions of like charge. These effects may exclude certain geometries and restrict the density interval in which the mixed phase occurs, but they depend strongly on poorly known properties of both phases and their influence is uncertain (Heiselberg et al. 1993; Voskresensky et al. 2003; Endo et al. 2006) . Specifically although the surface tension of quark matter has been evaluated for strangelets in vacuum (Berger & Jaffe 1987) it remains essentially unknown for the mixed phase and constrained only by the general principle that exploiting the additional degree of freedom in the formation of a structured phase should lower the total energy density. It is therefore commonly parametrized as being proportional to the difference in energy density between the two phases and the length scale of the boundary layer separating the two phases
where the length scale is on the order of the length scale of the strong interaction, L ∼ 1 fm, and the constant, K, must be choosen to be small enough that the stuctured phase is still energetically preferred (Glendenning 2000) .
Needless to say the precise properties of the quark-hadron phase transition depend strongly on the specific models assumed for both the hadronic phase and the quark matter phase and its location in the star further depends on the stellar mass and rotation frequency. We shall return in section 4 to review the equation of state and stellar models resulting from a specific set of such assumptions, but for now the above discussion is sufficient to understand the effects of including a phase transition in the local thermodynamic equilibrium governing the thermal evolution of neutron stars.
Thermal equilibrium in the mixed phase
The thermal evolution of compact stars is determined by the equations of local energy conservation and transport in the framework of general relativity. These equations balance any energy radiated away from the star by photons and neutrinos against changes in rest mass due to nuclear reactions and changes in gravitational or internal energy as the stellar structure evolves. In the most widely studied scenario the stellar structure is assumed constant and the only energy source available to neutron stars is then their original endowment of thermal energy (e.g. van Riper (1991); Schaab et al. (1996) ; Page et al. (2004 ; Yakovlev & Pethick (2004) and references therein). Neutrino production in the core and photon emmission from the stellar surface then ensures a monotonical and sometimes very rapid cooling of the star depending strongly on any superfluid properties of the core. But in addition to this a number of powerful energy sources may play a role in delaying or even reversing the cooling at various stages in a neutron stars lifesee e.g. Schaab et al. (1999) for an overview of possible sources and their effects. Here we discuss the effects of including a phase transition in the energy balance, which, as the stellar structure changes, must then also include redistribution of entropy between the two phases as their proportion changes as well as changes in surface and Coulomb energy for transitions through a mixed phase.
Following Thorne (1966) or the equivalent discussion in Weber (1999) we consider energy conservation for a spherical shell inside of which is a baryons and which itself contains δa baryons. The treatment given in this section therefore assumes spherical symmetry which is sufficient to show the effects of a phase transition on local energy conservation -we shall return later to discuss possible consequences of a multidimensional cooling calculation. The shell under consideration will change its internal energy during a coordinate time interval dt by d(internal energy) = (amount of rest mass-energy converted to internal energy by nuclear reactions) +(work done on shell by gravitational forces to change its volume during quasi-static contraction) −(energy radiated, conducted or convected away from the shell).
It is important to note at this point that if the two phases are in equilibrium -as should certainly be expected for transitions governed by strong reactions such as that from hadronic to quark matter -there is no binding energy involved in the transition and therefore no contribution to the first term on the right hand side of Eq. (11). If this was the case and the phase transition did involve a binding energy the two phases could not be in equilibrium and the star would adjust itself accordingly -eventually becoming a strange star in the case of the quark matter transition if quark matter was assumed bound relative to hadronic matter at zero external pressure. In hybrid stars this is not the assumption however, and so any latent heat evolved or absorbed in the phase transition follows simply from the different thermodynamical properties of the two phases as with any other phase transition.
Returning to our spherical shell of baryon number δa we will assume that its volume V is large enough to contain a macroscopic number of unit cells each containing a region filled by the rare phase whose presence may then be considered a microscopic property of the equation of state. The work done to change the shell volume during contraction or expansion of the star must then include changes in surface and Coulomb energy as well as the usual pressure term
where α is the surface tension, S is the amount of surface area in the shell dividing the two phases and E C is the Coulomb energy contained in the shell. These terms can be similarly included in the first law of thermodynamics which we write in the same notation
where s is the entropy per baryon and Y k = ρ k /ρ is the fraction of the baryon number density in the form k with k running over all particle species and
In the quark matter phase each quark contributes by only 1 3 to the baryon number density and s is then the entropy per three quarks. The last two terms in Eq. (13) are the local densities of surface and Coulomb energy written in a form useful for our purpose.
Inserting this in Eq. (11) and using that the amount of energy radiated, conducted or convected away from the shell can be written in terms of the gradient of the total luminosity, L tot , we show in Appendix A that local energy balance may be expressed as
thus giving the contribution to L tot from the shell in terms of the entropy production and the difference between the chemical potentials of particles participating in any reactions taking place in the shell. e 2Φ is the time component of a spherically symmetric metric
found from the general relativistic structure equations for compact stars. L tot includes the neutrino luminosity, but since neutrinos can be taken to immediately escape from the star when they are created without converting into any other form of energy along the way, they fulfil their own separate equation of energy con-
where L ν is the neutrino luminosity and ǫ ν is the neutrino emissivity; the rate per unit volume at which neutrino energy is created. In neutron stars convection is negligible compared to conduction and photon diffusion and so the remainder of L tot can be shown to fulfill a transport equation (Thorne 1966; Weber 1999) 
where σ is Stefan-Boltzmanns constant, κ is the the total thermal conductivity and
At the stellar center we must have L tot (a = 0) = 0 while at the stellar surface L must equal the total stellar photon luminosity which may depend on assumptions about properties of the stellar atmoshpere or lack thereof. Eqs. (14)- (17) with the appropriate boundary conditions can be solved to evolve the thermal structure of a stellar model. They have exactly the same form as would be expected in the absence of any phase transitions, but this only shows that we have incorporated the phase transition in a natural self-consistent extension of the standard description. The phase transition influences the entropy density and this as we shall see gives rise to additional terms in the heat balance including latent heat and changes in the surface and Coulomb energies. An equivalent form of Eq. (14) showing the contributions from surface and Coulomb terms more explicitely can be found in Eq. (A6) of Appendix A. Combining Eqs. (14) and (16), noting that c v = ρT (∂s/∂T ) V and assuming constant structure and chemical composition we also recover the standard cooling equation for static stars
Eq. (14) is nevertheless usefull because it allows a particularly simple analysis in the precense of a phase transition. The first thing to note is that particles crossing the phase boundary would not contribute to the second term in Eq. (14) if the two phases are in or close to equilibrium because their chemical potentials (or those of their constituents) must then be continuous across the phase boundary. In the following we therefore neglect this term, but we shall return to discuss its potential importance for reactions not in equilibrium. The first term is a different matter however. The entropy per particle is a function of density, temperature and chemical composition which is not required to be continuous across the phase boundary, so particles making the transition will release or absorb heat accordingly. To see how this works we write s as a sum with bulk contributions from each phase according to their volume or mass fraction as well as contributions from the surface and Coulomb energies
where ρ = (1 − χ v )ρ 1 + χ v ρ 2 is the average of the two particle densities ρ 1,2 weighed by the volume fraction of the dense phase, χ v , S 1,2 is the bulk entropy density in each phase and S S and S C are the surface and Coulomb contributions to the entropy density respectively. In the second line we have further introduced the baryon number fraction, χ ρ , of baryons in the dense phase in a sample of matter related to the volume fraction by χ ρ = χ v (ρ 2 /ρ), as well as the entropies per baryon in the respective phases, s 1,2 = S 1,2 /ρ 1,2 . At constant a assuming the fraction of matter in the dense phase and the particle densities do not depend on temperature we then have
where the heat capacity is again a weighed volume average in the mixed phase
The latent heat absorbed by a particle crossing the boundary between two phases in equilibrium is the temperature times the difference in entropy per particle between the two phases, q = T [s 2 −s 1 ] (Landau & Lifshitz 1980); we recover this in the second term of Eq. (21). If any term in Eq. (21) is negative, heat is evolved by this term which then heats the star and adds to the luminosity L. In particular the latent heat is a heating term for increasing density when the entropy per baryon of the dense phase is less than that of the low density phase.
For future reference in the following sections we identify the second term of the second line of Eq. 21 as the latent heat, the first term of the third line as the hadronic bulk contribution, the second term of the third line as the quark bulk contribution and the last term as the surface and Coulomb contribution. Further we often refer to these terms collectively as additional entropy production (or release) beyond what would be expected at constant density.
We discuss in the following section how to calculate the bulk entropy density of the hadronic and quark matter phases in the relativistic mean field theory framework of the G 300 180 equation of state, but for now let us just remark that the entropy per particle for an ideal relativistic degenerate Fermi gas is (Landau & Lifshitz 1980) 
3 c T ρ
Taking the transition to quark matter as a transition between such gasses -note that the bag constant does not contribute to the entropyand remembering that each hadron contains three quarks which further have a color degeneracy of three, the second term in Eq. (21) is of the order of
where T 9 = T /10 9 K, and the rate of baryons making the transition to quark matter, da Q /dt, was (arbitrarily) scaled to an entire star being converted steadily over 10 7 years. Unless the star is very hot or changing structure fast this is a very modest contribution, and we further note that it is positive for a contracting star and so acts to cool the star down. However the sign is subject to the very rough assumption that both gasses may be treated as ideal Fermi gasses for the purpose of calculating their entropy, and it will change in a more detailed treatment. Specifically the quark phase may be color-superconducting with energy gaps as high as 100 MeV and corresponding critical temperatures of the order of 10 11 K. Below the critical temperature the quark specific heat and entropy density would be exponentially suppressed and could be ignored relative to the hadronic contribution in Eq. (24) which would then be a heating term. We shall return to both possibilities in later sections.
As a rough interpretation we may also note that in degenerate systems the entropy per particle is linear in temperature and therefore the specific heat, c v = ρT ds/dT = ρs, is just the entropy density. The second term in Eq. (21) may then be loosely interpreted as the redistribution of already existing thermal energy as the proportion of phases changes.
We shall calculate the two bulk terms in the second line of Eq. (21) numerically in the following sections, so for now we just note that from Eq. (23) the entropy per baryon decreases with increasing density. In a contracting star these terms will hence act as heating terms and locally be of the same order of magnitude as the release or absorption of latent heat in Eq. (24) -but of course they contribute throughout the star and are therefore potentially far more potent than the latent heat which is only significant in the mixed phase.
Since the surface and Coulomb energies are related by E S = 2E C in equilibrium their contributions to the thermodynamic potential, and hence the entropy, are similarly fixed in proportion, and we need only consider one of them here. Specifically the surface part of the entropy may be found from (Landau & Lifshitz 1980 )
Ω S is the surface contribution to the thermodynamic potential Ω. For the quark-hadron interface the surface tension was given by
The corresponding term in Eq. (21) is then of the order of the surface energy per baryon times the ratio between thermal and total energy density and not expected to contribute significantly.
Equation of state and stellar models
In our numerical work we have employed the rotating neutron star code developed by Weber and the G 300 180 equation of state used by (Glendenning 1992 (Glendenning , 2000 Glendenning & Weber 2001 ). Here we describe each of these and the resulting stellar models.
Ideally the two phases should be described selfconsistently in one and the same theory, but in the absence of practical calculations of this type we resort to approximate models for each phase and employ the conditions for phase equilibrium discussed in Section 2 to describe the transition from one phase to the other. The G 300 180 equation of state thus treats the deconfined quark matter phase in a simple version of the bag model which ignores gluon interactions, and describes the confined hadronic phase in terms of the mean field solution to a covariant Lagrangian that involves the baryon octet interacting through scalar, vector and vetor-isovector mesons. The bag constant is taken as B 1/4 = 180 MeV, and the coupling constants of the hadronic phase are choosen so as to reproduce the binding energy B/A = −16.3 MeV, density ρ = −0.153 fm −3 and symmetry energy a sym = 32.5 MeV of nuclear matter at saturation density with compressibility K = 300 MeV and effective mass m ⋆ /m = 0.7. The precise values of the coupling constants correspond to the first set of Table 5 .5 of Glendenning (2000) or Table 1 of Glendenning & Weber (2001) , and the resulting equation of state as well as the underlying theory is carefully described at zero temperature in both of these references.
Finite temperature expressions for pressure, energy and particle densities can be found by reinserting the Fermi distribution in the phase space integrals of their zero temperature expressions which we shall not write explicitely here -we refer to e.g. Glendenning (1990) for the full temperature dependent expressions (this reference also includes gluon interactions to first order which as previously mentioned we ignore here). In principle the theory should also be extended to include antiparticles, which are excited at high temperatures, but in keeping with our purpose of investigating the long term thermal evolution of neutron stars, we note that they cool very rapidly after their birth and reach temperatures less than 1 MeV in a matter of minutes whereafter they can be considered cold on a nuclear energy scale. Specifically we shall assume that the finite temperature does not significantly affect the pressure, chemical composition or energy density when calculating the stellar structure and its dependence on frequency which is therefore done using the zero temperature results of Glendenning (2000); Glendenning & Weber (2001) .
The entropy is calculated as
using the finite temperature expression outlined above and using the highly accurate publicly available code described in Miralles & van Riper (1996) to solve the Fermi integrals. In keeping with our assumption that temperatures remain too low to significantly influence the chemical composition we also neglect the contributions of gluons as well as thermal quarks, hadrons and leptons and their respective antiparticles in the entropy. 180 equation of state as a function of total baryon density. Individual particle densities ρ i refer to the density in regions filled with the respective phase. χ v is the volume fraction of quark matter.
Figs.1-3 show the resulting chemical composition, pressure, energy density and entropy. We note in Fig. 1 that Λ-particles are the only hyperons contributing to the chemical composition and that they appear only just before the transition to pure quark matter and then only in low numbers. Since their density is so low they -like the protons -have a high entropy per particle (see Eq. (23)) but by the same token also contribute little to the weighed average s H = ρ −1 i s i ρ i . In the quark phase we note that u-quarks are suppressed initially giving the phase a negative net charge, and that as expected the entropy per baryon -though not per quark -is higher in the quark matter phase in the absence of any pairing phenomena. We have checked numerically that (in the absence of pairing) the entropy simply scales linearly with temperature within the temperature range we shall need so there is no need to show the temperature dependence explicitly.
In Fig. 4 we note that the sum of the surface and Coulomb energies has a maximum as a function of density with a corresponding minimum in the related entropy in Fig. 5 such that the surface and Coulomb term in Eq. (21) can be either positive or negative and either heat or cool the star accordingly. Again this part of the entropy is also proportional to T thus contributing linearly to the specific heat. This contribution to the entropy is negative with the total entropy remaining positive, which shows that a structured phase has lower entropy than an unstructured one.
We have calculated the structure of a sequence of stars with rotation frequencies (as seen by an (1967) and Hartle & Thorne (1968) as implemented in the numerical code developed by Weber which also solves self-consistently for the Kepler frequency (Weber et al. 1991; Weber & Glendenning 1992) . The sequence has constant total baryon number A = 1.87 × 10 57 and non-rotating total mass M = 1.42 M ⊙ , and the Kepler frequency is then found to be Ω K = 6168 rad s −1 corresponding to a period of 1.02 ms. Figs. 6, 7 and 8 show a few properties of the models. The stars are significantly distorted by rotation and increase their equatorial radius at the Kepler frequency by half the non-rotating radius (Fig. 6 ) while loosing the pure quark matter core at Ω = 1400 rad s −1 (Fig. 7) . Since the stellar photon luminosity is proportional to the surface area and must match the energy flux emerging from the core, higher surface temperatures must also be expected at low rotation frequencies for this reason alone. The distortion from spherical symmetry depends on polar angle however and above the frequency at which the quark matter core is lost the star actually contracts in the polar direction. In Fig. 7 showing the fraction of matter in the hadronic, mixed and pure quark matter phase we note that a large fraction of the star is in fact converted to quark matter as the star spins down with the pure quark matter core appearing below Ω = 1400 rad s −1 and growing to comprise 43 percent of the stellar mass.
In Fig. 8 we show the location of the phase boundaries between pure hadronic matter, the various geometries of the mixed phase and the pure quark matter phase. Here we use as the free variable the baryon number, a, contained within a surface of isotropic density (i.e. a surface of spatially but not temporally constant density) corresponding to each transition scaled to the total baryon number, A. While the density at any particular radius will increase or decrease with rotation fre-quency depending on the polar angle and distance to the surface, the density of any particular mass element located on such a surface of isotropic density and internal baryon number, a, is always decreasing with rotation frequency, and so in this variable the phase boundaries in Fig. 8 always move towards higher a with increasing frequency. In more precise terms the Eulerian density change (dρ/dΩ) r can be positive or negative depending on location while the Lagrangian derivative (dρ/dΩ) a is always negative and so a may be a more convenient variable for some purposes. The thermal equilibrium equations in Sect. 3 were written in terms of a rather than r for the same reason, but we note that in Sect. 3 we considered only spherical stars in which surfaces of isotropic density and pressure coincide with surfaces of constant radius. This is not the case for rotating stars where we shall use a in the sense explained above as referring to the baryon number contained within a surface of isotropic density and pressure. where the pure quark matter core appears. In this interval the G 300 180 equation of state also exhibits the phenomenon of backbending for stars of non-rotating mass M = 1.42M ⊙ as described by Glendenning et al. (1997) . Here the softening of the equation of state introduced by the phase transition and the resulting anomalously strong decrease in moment of inertia with increasing density means that to conserve angular momentum not carried off by radiation the star must spin up for a while. This was also recently shown to be a consequence of the existence of mass twins -i.e. that M (ρ c ) Ω and A(ρ c ) Ω (where ρ c is the density at the stellar center) are non-monotonic with a local minimum around the density at which the phase transition takes place such that there are two stable configurations and one unstable with the same mass and baryon number but different density and moment of inertia (Grigorian et al. 2007 ). The existence of such an instability implies interesting consequences in terms of corequakes and a potentially very large energy release as stars collapse between configurations with constant angular momentum (Zdunik et al. 2006 ). Backbending may however be an artifact of the specific treatment of the deconfinement employed here as it depends strongly on the specific properties of the equation of state around the transition to pure quark matter, and we do not aim to treat it in any detail here. For our purpose it is only important that the introduction of a pure quark matter core abruptly changes the stellar structure, and our sequence of stellar models does not resolve the backbending in rotation frequency. Backbending in fact disappears at slightly lower stellar baryon number, and we have performed alternative cooling calculations with such a sequence of models and found no significant difference in the results showing that backbending is not required for the effects discussed below.
Within the framework of Hartle (1967) the changes in pressure and density with respect to a non-rotating star are second order effects in the rotation frequency, and as discussed by Weber & Glendenning (1992) this remains true even at the limiting Kepler frequency, Ω K , where the star would shed mass from the equator. The Lagrangian density change during spindown can then be reasonably approximated by the order of magnitude estimate (see also Fernández & Reisenegger (2005) 
Figs. 9 and 10 show how the numerically calculated spin down compression rate compares to this estimate. For stars with high spin frequencies and no pure quark matter core Eq. (30) is a reasonable approximation although an overestimate in some regions. As might be expected the approximation fails when the pure quark matter core appears however and is off by approximately a factor of 0.1 below the backbending frequency where the pure quark matter core forms. Using Eq. (30) we can now give a more illustrative estimate of the effects of the additional entropy production related to density change in Eq. (21)
Taking the entropy per particle from Eq. (23) 
where in the second line we have taken Ω K = 6000 rad s −1 , assumed a standard dipole model for the spindown soṖ = (B 19 /3.2) 2 P −1 with the spin period, P , measured in seconds and the magnetic field, B in units of 10 19 G. As a rough estimate the total heating term from the bulk terms in Eq. (21) (third line) in the absence of pairing and for a star of uniform density and temperature with a baryon number of 10 57 are then of the order of
This is to be compared with the neutrino and photon luminosities which in the absence of pairing phenomena can roughly be estimated as 
where 'slow' refers to stars dominated by relatively inefficient neutrino emission processes such as the modified Urca cycle, bremsstrahlung or the pair breaking and formation process while 'fast' refers to stars dominated by the highly efficient direct Urca process. Note however that Eq. (33) includes only the bulk terms of Eq. (21). On general ground one would expect this to be reasonable however since the latent heat has the same basic originthe release of entropy with changing density -and is therefore expected to be of the same order of magnitude. In the following section we shall find that this is justified under most, but not all, circumstances. From the above estimate we then see that while it may be possible to find combinations of temperature, magnetic field and rotation frequency for which the additional entropy production dominates, such configurations may be difficult to realise in nature. For the heating term in Eq. 33 to dominate the neutrino luminosities for instance, the star must be a hot millisecond magnetar -an object so far not observed. For the heating term to dominate the photon luminosity, which is the more relevant term at low temperatures, we must have (B/10 14 G) 2 (Ω/6000 rad s −1 ) 4 > 10 −9 . Solving the dipole model for Ω(B, t) and assuming the initial spin frequency to be much greater than the current this implies B > 6 × 10 18 (t/10 6 yr) −1 G, which again seems difficult to realise in nature. The final possiblity seems to be stars which have been spun up and therefore do not follow the ordinary spin down trajectory. Even then the magnetic field must still be rather strong for the heating term to dominate the photon lumininosity however, B > 3 × 10 9 (Ω/6000 rad s −1 ) −2 G. Such conditions -if they were to be realisedwould also be very short lived and therefore the more diffucult to observe. From these simple estimates we then expect that the release of entropy related to changing bulk density with spin down, the latent heat of phase transitions and changes in the surface and Coulomb energy of mixed phases (smaller still) will have little impact on the thermal evolution of compact stars and be diffucult to observe.
Spherical isothermal cooling
Estimates cannot replace detailed calculations, and the ones discussed above further ignore all effects of superfluidity, the changing chemical composition and the rapid changes in structure at certain frequencies. We therefore proceed in this section to explore these effects through numerical calculations taking the simplest possible approach to solve the thermal balance in Eq. (14).
Numerical setup
Neutron stars are commonly taken to be isothermal -in the sense explained below -after an initial thermal relaxation lasting less than one year. Since we intend only to investigate the late thermal evolution of neutron stars, and as we do not expect the heating terms discussed here to change the isothermality by disturbing the thermal balance of any part of the star with its surroundings, we shall work within this same approximation. To show the full range of effects, plots in the following also include young stars not expected to be isothermal and our results should only be taken as indicative at such early times.
Our equations of thermal balance have so far assumed spherical symmetry, and we shall continue to work within this approximation. This effectively treats rotation as a perturbation whose only effects are to change the size and chemical composition of the stars and to provide additional terms in the thermal balance. This would be reasonable for slowly rotating stars but ignores the effects of non-radial heat flows and nonspherical perturbations of the metric, which could be important for highly perturbed stars. Twodimensional cooling calculations are beyond our scope, but they have been performed at constant rotation frequency by Schaab & Weigel (1998) and Miralles et al. (1993) . For stars rotating at a large fraction of their Kepler frequency these authors found significant effects on the thermal evolution during the non-isothermal epoch, and polar temperatures up to 31% higher than the equatorial temperatures even for internally isothermal stars. The recent work of Aguilera et al. (2007a,b) further includes the influence of large magnetic fields and Joule heating by field decay in two dimensions. We shall not pursue these aspects here however.
Assuming the star to be thermally relaxed, so the redshifted temperature T ∞ = T e Φ is constant throughout the star, we then integrate Eq. (14) to get a simplified equation for global thermal balance
with
where ǫ ν /ρ = Q ν is the neutrino emissivity, and we have used a fit to the relation between the surface temperature, T s , and the inner temperature below the heat-blanketing envelope, T , in which g s14 is the surface gravity in units of 10 14 cm s −2 (Gudmundsson et al. 1983 ).
For given assumptions about the neutrino emissivity and superfluid gaps Eq. (37) is solved along with the spin down model to give the surface temperature at infinity as a function of time and rotation frequency or magnetic field strength. At each time step Eqs. (38) to (42) are solved to update the stellar structure at the appropriate rotation frequency.
The approximation of spherical symmetry in the cooling equations imply that a choice must be made with respect to the stellar radius in Eqs. (41) and (42). Unless otherwise stated we shall use the equatorial radius, but since the stars respond to rotation quite differently in the polar and equatorial directions we return to discuss the effects of this choice at a later point.
Since the stellar moment of inertia, I, and radius also changes with rotation frequency we modify the spin down model described in the previous section to include such effects. The spin down is then determined by (Glendenning 2000 )
where α is the inclination angle between the magnetic axis and the rotation axis and m − 1 is the multipolarity -usually m = 3 for magnetic dipole braking or m = 5 for gravitational quadropole radiation. We take sin 2 α = 1 and unless otherwise stated always use the canonical value m = 3 for a dipole spin down. We note in passing that the usual braking index n = ΩΩ/Ω 2 is distinct from the multipolarity since the moment of inertia in general depends on rotation frequency which in particular gives rise to a strong deviation of n from m at the backbending frequency when the pure quark matter phase is introduced.
As for the neutrino emissivities and superfluid properites of the neutron star we are interested in the most important effects only and aim for some degree of transparency in the model. In the quark phase we include the direct and modified Urca cycles as well as bremsstrahlung using the emissivities in Blaschke et al. (2000) . The us-branch of the direct Urca cycle fulfills the triangle inequality,
where k Fi is the Fermi momentum of the up quark, down quark and electron respectively. It is thus allowed throughout the quark phase, but its ud counterpart is forbidden as it cannot conserve both energy and momentum. This difference stems from the assumed strange quark mass of 150 MeV.
In the hadronic phase we again include the direct and modified Urca cycles as well as bremsstrahlung using the emissivities given in Yakovlev et al. (2001) . We ignore the effects of hyperons here because of their low abundance. In neutron stars the direct Urca reaction is often allowed only at very high densities because it cannot fulfil both energy and angular momentum conservation unless the proton fraction is above the value where both charge neutrality and the triangle inequality can be observed (Lattimer et al. 1991) . It is critical to note that this is not so in hybrid stars with a mixed phase. The mixed phase is possible precisely because charge neutrality does not have to be observed locally, and it is favorable because the hadronic phase lowers its nuclear symmetry energy by increasing the proton fraction (Fig. 1) . Hence the hadronic direct Urca cycle is active in the mixed phase, and as it is about two orders of magnitude faster than the us-branch of the quark direct Urca cycle it controls the cooling of hybrid stars with a mixed phase unless reduced by pairing effects.
Additional neutrino processes should be included in a more sophisticated treatment -particularly in the crust -but as stated above we are mainly interested in the general properties of the additional entropy production and the changing chemical composition and we shall here leave out such terms. Similarly our approach to pairing is simple and somewhat ad hoc.
If there is any attractive interaction among particles in a degenerate Fermi system they will pair, and the resulting superfluidity has important consequences for the thermal properties of neutron star matter and the thermal evolution of neutron stars. Pairing in general delays the cooling because it supresses most of the neutrino emissivities and enhances the heat capacity at temperatures just below the critical, but it also opens additional neutrino processes, suppresses the heat capacity far below the critical temperature and enhances the thermal conductivity, and it may therefore also accelerate the cooling at certain epochs (see e.g. Yakovlev et al. (1999) for a detailed account). In a self-consistent treatment pairing can further influence the equation of state -although not greatly as the relevant energies are widely different. The equation of state employed here does not include the effects of pairing and we aim for tranparency rather than self-consistency in treating this aspect and employ a somewhat ad-hoc pairing scheme.
In the quark phase we assume pairing with equal participation from each flavour and a density independent gap ∆ Q = ∆ Q,0 1 − (T /T c ) 2 with critical temperature T c = 0.57∆ Q,0 . This essentially corresponds to pairing in the color-flavor locked phase (Alford (2001) or see for a comprehensive review of the effects of pairing among quarks and the possible range of phases). We shall consider a wide range in ∆ Q,0 partly because it is interesting for the present calculation, partly because very low gaps may be realised if the quark Fermi momenta are not equal which is the case for high strange quark masses. It is useful to note that the color-flavor locked phase is generally understood to be so strongly supressed in all its thermal properties as to be virtually inert with respect to cooling. Since we shall also consider small gaps and since the latent heat derived from the phase transition depends strongly on paring in the quark phase, this will not always apply here, but for strong quark pairing the thermal evolution is generally controlled by the hadronic phase. We also note that as shown by Jaikumar et al. (2002) (and stressed by ) Goldstone modes and their related neutrino emissivities and heat capacities are not exponentially suppressed, scaling instead as T 15 and T 3 respectively, and they will therefore dominate in color-flavor locked quark matter at low temperatures. They are however exceedingly small, and as we have checked numerically that they do not influence our results, we do not generally include these modes.
Among the nucleons pairing is predicted for neutrons in the 1 S 0 and 3 P 2 channels and for protons in the 1 S 0 channel. The gaps can be calculated self-consistently but results are uncertain and vary greatly both in terms of the maximum gap size and in terms of density dependencesee e.g. Lombardo & Schulze (2001) ; Page et al. (2004 for collections of these results. Rather than employing any particular such calculation we shall here use gaps with a phenomenological momentum dependence as suggested by Kaminker et al. (2001) , Andersson et al. (2005) and recently Aguilera et al. (2007a) 
where k F,N is the Fermi momentum of the relevant nucleon, N = n, p. Our choices for the parameters ∆ 0 and k i are listed in Table 1 and corresponds to sets a, e and h of Aguilera et al. (2007a) (see that work for references to the model calculation underlying these fits). Eq. 45 is valid only in the ranges k 0 < k < k 2 with ∆(k F,N ) = 0 outside this range and where the gaps for 1 S 0 and 3 P 2 pairing of neutrons are both non-zero we use the largest of the two gaps. We further use the relations between critical temperature and pairing gap listed by Yakovlev et al. (1999) . The effects of superfluidity relevant for our purpose is that below the critical temperatures it suppresses the neutrino emissivities, specific heats and entropies of the participating particles while also allowing additional neutrino emission through Cooper pair breaking and formation. These effects are incorporated through reduction factors, R(T, T c ), which multiply the relevant quantities and depend only on the pairing channel, temperature and gap size, and which may therefore be calculated given only expressions for the gap size momentum dependence as discussed above.
In the quark matter phase we use the simplest possible reduction factors and there suppress the direct Urca emissivity by factors of e −∆(k)/T and the modified Urca and bremsstrahlung emissivities by factors of e −2∆(k)/T , where ∆(k) is the relevant pairing gap at the local density and temperature, T = T ∞ e −Φ . The specific heat and entropy of superfluid particles are also modified at temperatures below the critical temperature and in the quark matter phase we follow Blaschke et al. (2000) in taking
This expression is a fit from Maxwell (1979) to the theoretical results for BSC superconductors of Mühlschlegel (1959) , and following this approach we fit the corresponding results of Mühlschlegel (1959) for the entropy suppression to obtain
as depicted in Fig. 11 . We apply this expression to reduce the entropy of both quarks and hadrons (thus here neglecting the difference between different pairing states of neutrons). The entropy difference between the superfluid and the normal phase depends on temperature as ∆s ∝ −(1 − T /T c ) close to the critical temperature (Landau & Lifshitz 1980) with the total entropy becoming negligible below 0.2T c . This has the effect of gradually turning the latent heat in Eq. (21) from a cooling term into a heating term, but it also supresses the bulk terms in Eq. (21) The difference in entropy between the normal and the superfluid state also means that there is a latent heat associated with this phase transition as well, but since the rate at which it is released is proportional to dT /dt it can be included in the specific heat as in Eq. (46) producing a discontinous jump at T = T c with c sf = 2.4 c. See e.g. Yakovlev et al. (1999) for a discussion of this aspect of neutron star cooling. (47) Pairing further opens the important possibility of neutrino emission by Cooper pair breaking and formation in the quark phase and we include the associated emissivity as described in Jaikumar & Prakash (2001) using the fit to the 1 S 0 suppression factor in Yakovlev et al. (1999) .
In the hadronic phase neutrons and protons may pair simultaneously in different channels and so the resulting calculations for the reduction factors can be quite involved. We use the fits to numerically calculated reduction factors for each process and each pairing channel compiled in Yakovlev et al. (1999 see these works for detailed references). Where protons and neutrons pair simultaneously we use the combined factors listed in these works if available and if not then the smallest of the two independent reduction factors. The hadronic pair breaking and formation process can be very powerful and may dominate the thermal evolution when pairing first sets in, but it was recently shown by Leinson & Pérez (2006) to be strongly suppressed in the singlet state channel by approximately a factor 10 −6 relative to the 3 P 2 channel. In the hadronic phase we therefore include pair breaking and formation for only neutrons at high densities where they pair in the 3 P 2 channel and for this we again use the emissivities given in Yakovlev et al. (1999 Yakovlev et al. ( , 2001 ).
Numerical results
Figures 12 to 21 explore the consequences for the thermal history of stars of including entropy production by spin down compression with the approximations discussed above, showing the surface temperature and additional entropy production at infinity as functions of time, magnetic field and quark pairing gap energy.
In Fig. 12 we show the thermal evolution in time of stars with quark pairing gap ∆ Q,0 = 10 MeV, a range of magnetic fields and initial spin period around 1 ms. The extremely rapid inital rotation is interesting because it means the stars start out with no pure quark matter core and undergo drastic changes in structure as this develops around Ω = 1300 rad s −1 . We see this in Fig. 12 as a short period of increasing temperature at the time corresponding to this angular velocity for a given magnetic field. During this short period the heating term from the additional entropy production actually dominates which is shown in more detail in Fig. 17 discussed below. The dominant effects however are the changing neutrino emissivity and heat capacity with the introduction of more quarks in the star and the reduction in surface area as the pure quark matter core develops. This implies somewhat slower cooling -with our specific choice of parameters -and higher surface temperature. Hence we find essentially a transition between two otherwise similar cooling tracks; one for stars with no pure quark matter core and one for stars with a fully developed quark matter core. Fig. 12. -The effect of spin down compression on cooling curves for stars with initial spinfrequency Ω(t = 0) = 6000 rad s −1 and constant magnetic field as labelled for each curve. The quark core is assumed superconducting with ∆ Q,0 = 10 MeV. The increasing quark matter fraction produces slower cooling and a jump in temperature with the appearance of the pure phase.
Even for stars with rapidly changing structure the heating term itself also suffers from a bit of a Goldilocks syndrome. If the major structure changes happen too early in the stars history the temperature is high and the very temperature dependent neutrino emissivity dominates so the effects of the heating is very small. Too late and the heating terms own T 2 temperature dependence may have killed it off and in both cases we are essentially carrying coal to Newcastle by including this term. Hence we find the strongest effects at intermediate magnetic fields around B = 10 11 G and we find no changes in the late evolution. while thin lines start with Ω(t = 0) = 600 rad s −1 . The quark core is assumed superconducting with ∆ Q,0 = 10 MeV. We note a slow increase in temperature and a sudden jump at the magnetic field corresponding to significant spin down at specific ages.
Figs. 13 and 14 show how the temperature varies at specific ages with the magnetic field (which is kept constant in time itself). This is shown for initial spin frequencies of 6000 rad s −1 and 600 rad s −1 in Fig. 13 and with certain terms or physical effects left out or changed in Fig. 14 In Fig. 13 we see how high magnetic field produces initially slight changes in the temperature and then a sharp jump -if the initial spin frequency was suffiently high to exclude the pure quark matter phase -at the magnetic field which ensures that a pure quark matter core is formed at the specific age in question. For lower initial spin frequency we find no significant changes in temperature, but we note that stars with higher initial frequencies essentially follow the curves with low initial spin frequency as soon as the quark core has formed showing that the stars then follow similar cooling tracks. Old stars follow similar cooling tracks with or without a quark core in Fig. 12 and in the bottom curves of Figs. 13 and 14, but there is still a temporary increase in temperature with the appearance of a quark core at this age. Fig. 14. -Variation of surface temperature at infinity with magnetic field for stars with initial spin frequency Ω(t = 0) = 6000 rad s −1 at ages 10, 10 4 and 10 5 years from above. Thick continuous lines show the standard scenario including all terms also explored in Fig. 13 . Thin continuous lines do not include the entropy production in W ∞ but do include the effects of changing chemical composition. Thin dotted lines keep the composition and structure fixed at that corresponding to Ω = 6000 rad s −1 and include W ∞ . Thin dashed lines use the polar rather than the equatorial radius and include all effects of changes in structure and resulting additional entropy release. The quark core is assumed superconducting with ∆ Q,0 = 10 MeV. We see that the most important effects of the spin down for these stars are derived from the changing chemical composition and stellar radius rather than the release of entropy.
To assess the relative importance of the different effects of the spin down we have sought in Fig. 14 to artificially remove the heating term and the changes in composition respectively as well as replacing the equatorial radius with the polar ra-dius. Parameters are the same as in Fig. 13 and the thick continuous lines correspond entirely to the thick lines in Fig. 13 . Removing the heating term by artificially setting W ∞ = 0 (thin continuous lines) we almost recover the previous curves -only the temperature is a bit lower and the jump with the introduction of a pure quark matter phase is not as high or nearly as sharp. This shows that the major effects of spin down stem from the changing structure and chemical composition and the resulting change in the stars thermal properties and radius. Keeping the structure and chemical composition fixed at that corresponding to 6000 rad s −1 but including W ∞ (thin dotted lines) we intend to illustrate the effects of the heating term alone. This is necesarrily a somewhat vague illustration since the heating term must then also be calculated at 6000 rad s −1 , which -referring to the density derivative in Figs. 10 and 9 -is a bit of an underestimate. Nevertheless it shows that the timing of the heating term coincides with the other effects, and that in itself the heating term makes little difference to the thermal evolution. Replacing the equatorial radius with the polar in Eqs. (41) and (42) (thin dashed lines) we find higher surface temperatures before the introduction of pure quark matter in the core but still a clear jump in temperature after. We have checked that a similar pattern may be seen in plots of temperature versus time, but we also stress that this does not say anything about the angular variation of surface temperature for these stars for which a fully two-dimensional calculation would be needed. What it does show is again that the initial increase in temperature is mainly a result of the decrease in surface area as the rotationally flattened star returns to spherical symmetry and that the heating term plays a significant role only when the pure quark matter phase is first introduced. Variation of the multipolarity, m, of Eq. (43) is analogous to variations in the magnetic field in that it changes the time at which a specific spin frequency is reached. Hence Fig. 15 where we show the temperatures at specific ages as a function of multipolarity for fixed B is very similar to Fig. 13 with temperature versus magnetic field for fixed m.
In Figs. 16 and 17 we explore the importance of the heating term in a little more detail. 11 G and quark pairing gap ∆ Q,0 = 10 MeV. W Tot is split into contributions with different physical origins as explained in the text. The latent heat and bulk terms are dominant, and the spike is caused by the appearance of a pure quark matter phase. Fig. 17 .-The total entropy production scaled to the combined neutrino and photon luminosity for stars with quark paring gap ∆ Q,0 = 10 MeV and magnetic fields as indicated just above each curve. The different line styles are meant only to help guide the eye. Note that at the peaks reaching above one the entropy production actually dominates the cooling terms and the temperature increases. Also note that this is only possible for stars changing structure rapidly with the introduction of a pure quark matter core.
shows the numerical value of W ∞ and its various contributions as a function of time for a star with pairing gap ∆ Q,0 = 10 MeV and magnetic field B = 10 11 G. The total entropy production, W ∞ , is split into contributions corresponding to (integrals of) the terms in Eq. (21) Leptons do not participate in the deconfinement transition, so their entropy is assumed continuous across the phase boundary; they are separated from the other particles in the form of W ∞ Lepton in Fig. 16 . The bulk and lepton contributions always act as heating terms while the surface and Coulomb term changes sign and turns into a heating term with the onset of hadronic superfluidity around age 4000 years with the hadronic bulk term simultaneously falling away. The quark bulk term is very small because for a pairing gap of 10 MeV the quark matter is strongly superconducting at all times except the very early and the quark entropy is therefore suppressed. This however also implies that hadrons making the transition across the phase boundary essentially release all their entropy, and so the latent heat, which changes sign and becomes a heating term with the onset of quark superfluidity, is therefore quite significant and actually comes to dominate around the time when the hadronic bulk term falls away. The lepton and surface and Coulomb terms are relatively small but significant when the bulk terms are eliminated through the onset of pairing. The peak around age 20000 years corresponds to the appearance of a pure quark matter phase in the core and the ensuing rapid changes in structure, and it contributes to produce the short interval of increasing temperature seen in Fig. 12 . Fig. 17 shows the total entropy production scaled to the total neutrino and photon luminos-
, for the same set of parameters which gave the cooling curves in Fig. 12 . The strong temperature dependence of the neutrino and photon luminosities ensures that the scaled heating term does not increase above one where heating and cooling exactly balance -except at the peaks caused by the appearance of a pure quark matter core. We also note that as in Fig. 12 the magnetic field must be above ∼ 10 9 G for W ∞ to have any discernible effects. 12 G at ages 10, 10 2 , 10 3 , 10 4 , 10 5 , 10 6 and 10 7 years from above. Variations in inital spin frequency do not change these curves much and all curves are for Ω(t = 0) = 6000 rad s −1 . Young stars are relatively insensitive to the quark pairing gap, but for old stars strong variations are seen. 5 and 10 7 years from above, Ω(t = 0) = 6000 rad s −1 and with quark paring gaps, ∆ Q,0 , as indicated in the legend. The scale is logaritmic to accomodate the lower temperatures at age 10 7 years. We note that at late times and low temperatures the effects of the spin down is strongly enhanced for low pairing gaps.
The quark pairing gap is not an observable like the magnetic field or the braking index, but it is interesting to explore the effects of changing ∆ Q,0 as in Fig. 18 -partly because it helps with the overall interpretation, partly because the pairing gap is in itself rather uncertain. Again we show the temperature at specific ages, but now for different quark pairing gaps. In general we note that younger stars respond to larger pairing gaps which is understandable in that once the temperature has dropped significantly below the critical temperature the quark matter is essentially thermally inert and increasing the gap further makes no difference. Conversely if the gap is too low there is no superfluidity until late times and no effects on the temperature. From the literature on cooling calculations of non-rotating stars one would expect strongly superfluid stars to cool slower than non-superfluid stars, and this nicely explains the initial increase in temperature with pairing gap, but fails to explain the downturn at late times and high pairing gaps.
It is difficult to tell how much of the difference between the curves in Fig. 18 is related to the spin down and how much to the effects of superfluidity on its own at various ages from the curves in Fig. 18 alone. For this reason we again show the variation of surface temperature with magnetic field at three different ages in Fig. 19 -but now for two widely different pairing gaps. Here we note that while the difference in pairing gaps does not change the shape of the curves for young stars and produces only slight changes in their overall surface temperature it is an entirely different matter for old stars. For stars with high pairing gaps we found only ∼20 percent effects in the surface temperature at any time, but for old stars with paring gaps so small that they are essentially nonsuperfluid we find that spin down related effects increase the surface temperature by two orders of magnitude. The extent to which the difference in shape between the curves in Fig. 18 is related to the interplay between spindown and superfluidity is then also understood to vary greatly with age. Fig. 20 .-The total entropy production scaled to the combined neutrino and photon luminosity for stars with quark paring gap as indicated just above each curve, Ω(t = 0) = 6000 rad s −1 . The magnetic field is constant at 10 11 G. The entropy production changes sign and becomes negative for low pairing gaps and thus acts as a powerful cooling term at some epochs.
Further we remark that while the latent heat for a transition to a strongly superfluid core is negative and therefore a heating term, the transition to a non-superfluid core with higher entropy per baryon actively cools the star. This is illustrated in Fig. 20 where we plot the total heating term scaled to the combined neutrino and photon luminosities at constant magnetic field for a range of quark pairing gaps ∆ Q,0 . Here we see how the entropy production changes from a heating term to a cooling term and may be quite dominant at certain times depending on the choice of stellar parameters. This can also be observed in Fig. 21 where we plot surface temperature versus age with constant magnetic field for a range of quark pairing gaps and we see how the low pairing gaps allow the stars to cool slower at late times only for their temperature to then drop off with the onset of superfluidity. The differences seen between superfluid and normal stars in Fig. 19 is then understood to be a result of the delayed cooling produced by the changes in structure rather than the latent heat and any period of increasing temperature. Because these old stars cool relatively fastas compared to their total age -any delay in the cooling process produces a significant temperature difference as seen in Fig. 19 . A rich picture has now emerged from the coupling between the thermal evolution and spin down compression with deconfinement. The spin down may drastically change the thermal evolution of hybrid stars by heating and cooling them at various ages and changing the structure and chemical composition -or it may be entirely inconsequential. The effects we found turned out to depend strongly on the treatment of quark pairing and the timing of the appearance of the pure quark matter phase in the stellar core. These are however subject to the specific assumptions made concerning the equation of state, stellar baryon number and pairing regime, so it is essential to stress that the results discussed in the present section illustrate the general point that spin down and thermal cooling may be interdependent, rather than providing quantitatively reliable predictions.
Bearing this in mind we show in Fig. 22 how calculations for selected pairing gaps and magnetic field strengths measure up to observational data on the thermal state of isolated neutron stars (kindly supplied by Dany Page). We note here that while strong quark pairing and high magnetic fields are required for consistency with the youngest and hottest sources, the oldest sources require intermediate quark pairing and strong or intermediate magnetic fields for the cooling process to be sufficiently delayed. Our pairing scheme for the quark matter phase assumed a density independent gap, but it may be possible that similar variations would be seen in the cooling tracks among stars with different mass and density for a more sophisticated treatment of quark pairing. In general one would also not expect the observational data to be fitted by any single line of this type since the stars will have different masses, initial rotational frequencies, surface compositions etc. To give one example, stars with different masses would aquire pure quark matter cores at different rotational frequencies thus further complicating the picture.
We should further caution that the observational data presented here is consistent with a range of alternative models (Page et al. 2004 ) and we present them only as a consistency check for our calculations. Also, as was previously discussed, stars with high magnetic fields cool essentially as static non-rotating stars at late times when they have acquired a pure quark matter core and their consistency with the observed temperature of old stars does not depend on the effects of rotation and stellar structure change. The true signal of deconfinement we have found is in the transition between cooling curves with and without pure quark matter cores, and in the brief period of increasing temperatures thus caused for certain stellar parameters. As can be seen in Fig. 22 this signature will be difficult to test observationally on the basis of data relating only temperature and time. 
Discussion
Our intention with the present work was to explore a possible connection between the spin down and thermal cooling of hybrid stars with a deconfined quark matter core, the appearance of which might be expected to influence theoretical cooling tracks. Specifically we were interested in the latent heat of the phase transition and the drastic changes in structure and chemical composition resulting from the increasing density with spin down, but the general formalism worked out in Sect. 3 would also be relevant to models with no phase transition as the bulk terms in the spin down derived entropy production might also be important in such cases. While estimates of the importance of the spin down derived entropy production did not give cause to expect strong signals of deconfinement in the thermal evolution, more careful numerical calculations revealed clear effects of the changes caused by the appearance of a pure quark matter core in radius, chemical composition and structure and under certain circumstances of the additional entropy production both in bulk and in the form of latent heat.
Our numerical work was carried out using a sophisticated and reliable code with respect to the stellar structure solving Hartles perturbative equations for the structure of rotating compact stars self-consistently. The thermal evolution however was treated in a spherical isotermal approximation with a somewhat ad hoc approach to the thermal properties of both phases and specifically the treatment of superfluid pairing in the quark matter phase. While this was hopefully illustrative, reworking the cooling calculations using a state of the art code and a wider range of possible input might therefore reveal additional effects or undermine some found here.
Still we believe our work is sufficiently detailed to demonstrate the general point that important signals may be derived from the interplay between spin down and cooling of compact stars, which could in the long run help answer pressing questions about the state of matter at high densities.
Observationally it is in general not practical at present to distinguish between models of the thermal evolution to determine the type of matter present in the core of neutron stars or constrain its properties, and it would be equally challenging to obtain the data required to test the ideas presented here. Uncertainties concerning the thermal properties of the different types of matter conjectured at high densities, pairing regimes, the properties of the stellar surface and atmosphere and the presence or absence of heavy elements in the crust imply that models for the cooling of neutron stars relating only temperature and time are highly degenerate. Further the low number of observed sources, the significant uncertainties in the temperatures inferred, and the lack of knowledge about distance, mass and age for many sources make the interpretation of the available data the more difficult. Such difficulties are however only all the more reason to seek out any possible correlations between the temperature and alternative observables such as rotation frequency and magnetic field strength. The same problems which plague the traditional strategy will of course trouble any shuch approach equally, but they may nevertheless contribute valuable evidence and help break the degeneracy.
Given that the signatures found here from the phase transition were below the present observational sensitivity and not of sufficient strength to set the cooling curves with temperature versus time for hybrid stars apart, we consider the correlation between temperature and magnetic field as a possible alternative. To test such correlations it would then be necessary to obtain reliable temperatures for a number of stars of approximately the same age (and probably mass) for which the spin down could also be detected by the emission of pulses in either radio or X-ray. It might then be possible to test for features in the relation between temperature and magnetic field -or equally interesting, the rotation frequency itself -which as demonstrated here could result from a strong phase transition if the initial rotation frequency was sufficiently high to have spun out the high density phase. In this respect it is fortunate that the jumps in temperature with increasing magnetic field found here seem relatively stronger the older and therefore colder the star thus increasing the chance that it could be discernible for stars which are otherwise diffult to observe. While such a project may appear daunting it is useful to remember that we are just a few years down the path from the first detection of thermal radiation from neutron stars, and that similar programs have been carried out for other types of stars. For white dwarfs for instance it has been possible to determine the temperature of very large numbers of sources in the same globular clusters (e.g. Richer et al. (1997) ). Since the stars in globular clusters are all of similar age and the heavy progenitors of neutron stars have short main sequence lives, corresponding observations for neutron stars could go some way to provide the type of data needed. This would in turn raise new issues with the interactions between stars, intervening gaseous matter etc. while almost certainly not providing a clear picture on its own, but this is what might be expected from any such project.
Contemplating these prospects it is crucial to also remember that alternative effects not considered here may well determine the relation between spin down and thermal evolution. Most pressingly the heat from magnetic field decay employed by Pons et al. (2007) to explain the claimed correlation between temperature and magnetic field might drown out any other effects -although as noted by the authors the magnetic field decay itself has not yet been independently demonstrated. The work of Reisenegger (1995) and Fernández & Reisenegger (2005) , in which the second term on the right hand side of Eq. (14) was considered and shown to give rise to so-called rotochemical heating as the weak interactions required to maintain chemical equilibrium are unable to keep pace with the increasing density, is also most important. Fernández & Reisenegger (2005) found that old millisecond pulsars reach a quasi-equilibrium in which the photon luminosity is determined entirely by the spin down power and remains much higher than otherwise attainable. Their work considered only nucleonic equations of state but similar results should clearly be expected for hybrid stars just as part of the effects demonstrated here should be expected to show up in nucleonic stars. The rotochemical heating is however to some extent complementary to the spin down related release of entropy discussed here, since its most important effects apply to old stars while we have found signatures in young stars as well -there is therefore a certain degree of timing separation. Further rotochemical heating and magnetic field decay do not in principle preclude other effects from making their presence felt and may in fact be conductive to this as they increase the temperature and therefore the entropy needed in our case; so one might expect some degree of interaction between the different effects. Recent work by Aguilera et al. (2007a,b) on the cooling of magnetized neutron stars in two dimensions has also highlighted the importance of the magnetic field strength, geometry and possible decay for the thermal evolution of neutron stars. These authors find strongly anisotropic surface temperature distributions and possibly an inverted temperature distribution with hot equatorial regions for middle aged stars. They further show that the effects of magnetic field decay and Joule heating can dominate the thermal evolution at strong and intermediate field strengths -even to the point that the effects of the direct Urca process may be hidden by this heating term in magnetars.
Given the possible importance of such alternatives and the shortcomings of the present study discussed above, a more complete treatment of the interplay between the spin down and thermal evolution of neutron stars seems desirable before strong assertions can be made concerning the specific shape of cooling tracks. As well as including all possible energy sources this should be extented to consider a wider range of stellar masses, equations of state, phase transitions and pairing regimes as well as accurate descriptions of the crust and atmosphere, the influence of the magnetic field on the heat flow, the relation between inner temperature and surface temperature and possibly the effects of non-spherical heat flows for rotationally perturbed stars in a two-dimensional code -aspects which are all independently well described in the literature.
To give but two specific examples; we have tested simpler treatments of superfluidity with stronger and more complete hadronic pairing than described above which did not change the qualitative conclusions, but it would be interesting to test alternatives for the quark matter phase as well. Specifically it could be very interesting to include density dependent pairing gaps and possibly the gapless quark matter phase described by Alford et al. (2005) . This phase has very low neutrino emissivity and very high heat capacity and one might therefore expect strong signatures of a transition to this phase in which the latent heat would act as a powerful cooling term.
Second the rotation frequency at which the pure quark matter core appears depends strongly on the stellar baryon number and the equation of state, and it may well be lower than discussed here thus changing the timing of spin down related effects. The strongest signature of deconfinement found here depends entirely on the formation of a pure quark matter core where none existed previously. If a pure quark matter phase is present in the core of stars at even the highest rotation frequenciesas is the case for many other equations of state -we would therefore not expect equally strong signals from deconfinement with spin down compression.
It is also possible that circumstances not considered here could provide a more pronounced link between rotation and cooling. If for instance the magnetic field varies over time -and as discussed by Geppert (2006) this may well be the casethe timing of any strengthening or decay of the magnetic field may provide entirely different spin down histories. Alternatively the temperature of stars being spun up in accreting binaries should to some extent be determined by the changing chemical composition and this could provide an alternative approach. Going further afield we have entirely ignored the instabillities and corequakes which might accompany the appearance of a pure quark matter phase (Zdunik et al. 2006 ) although they could significantly change the thermal evolution by reheating the star.
While many essential issues thus remain poorly explored we hope to have demonstrated the possible usefulness of considering the connection between the spin down and thermal evolution of neutron stars, and that this may serve as encouragement for more detailed and sophisticated investigations. Although the results of such work may not be immediately applicable to observational tests, we believe they could prove most valuable in the long run.
A. Deriviation of the energy balance in mixed phases
To derive Eq. (14) from Eq. (11) we proceed analogously to Thorne (1966) and Weber (1999) and first define the nuclear energy generation rate per baryon as the rate, q, at which rest mass is converted to internal energy as measured by an observer in the shell and at rest with respect to the shells reference frame
wherem B is the average rest mass per baryon. The first term on the right hand side of Eq. (11) is the amount of rest mass converted to internal energy in the entire shell which is then qδae Φ dt.
Next we note that by expressing the shells volume in terms of its particle density, V = (V /δa)δa = ρ −1 δa, the second term in Eq. (11) can be written
The third term represents the difference between the rates at which energy enters and leaves the shell by radiative or conductive means as measured by an observer in the shell and at rest with respect to the shells reference frame, which may be written
and the energy change during a coordinate time interval, dt, is this times the proper time interval e Φ dt. The two factors of e Φ(a+δa)−Φ(a) account for redshift and time dilation respectively as the energy crosses from the inner to the outer edge of the shell, and we expanded the exponential to order O(δa) as 
Using Eqs. (A1), (A2) and (A3) in Eq. (11) and expressing the change in internal energy in terms of the density of internal energy, E int , local energy balance can then be written
Rearranging and noting that δa is constant in time we then get the gradient of 
Eq. (A6) is the relation we sought giving the luminosity gradient for stars with variable structure and including the contributions from surface and Coulomb terms in the energy density. It may be considerably simplified however by noting that we can write the internal energy density in terms of the total energy density as E int /ρ = ǫ/ρ −m B in which case from the definition of− e −Φ d dt
